We introduce a toric code model on the dice lattice which is exactly solvable and displays topological order at zero temperature. In the presence of a magnetic field, the flux dynamics is mapped to the highly frustrated transverse field Ising model on the kagome lattice. This correspondence suggests an intriguing disorder by disorder phenomenon in a topologically ordered system implying that the topological order is extremely robust due to the geometric frustration. Furthermore, a connection between fully frustrated transverse field Ising models and topologically ordered systems is demonstrated which opens an exciting physical playground due to the interplay of topological quantum order and geometric frustration. Introduction -Topological quantum order, as introduced by Wen in the context of high-temperature superconductivity [1, 2], has become a very active research topic in recent years, since it plays an important role for the physics of the fractional quantum Hall effect, for frustrated magnetism, and in the field of quantum information due to the fascinating perspective to build a topological quantum computer which is protected from local decoherence [3, 4] .
Introduction -Topological quantum order, as introduced by Wen in the context of high-temperature superconductivity [1, 2] , has become a very active research topic in recent years, since it plays an important role for the physics of the fractional quantum Hall effect, for frustrated magnetism, and in the field of quantum information due to the fascinating perspective to build a topological quantum computer which is protected from local decoherence [3, 4] .
One of the standard models displaying all essential features of topological quantum order at zero temperature, e.g. a ground-state degeneracy depending on the genus and elementary excitations with fractional statistics, is Kitaev's toric code [3] which is an exactly solvable twodimensional quantum spin model. The toric code therefore represents a perfect starting point to study fundamental properties of topologically ordered quantum systems, e.g. several works have studied the robustness and the ascociated topological phase transitions of the toric code on the square lattice in the presence of a magnetic field [5] [6] [7] [8] [9] [10] [11] .
Although the full phase diagram of the toric code in a magnetic field is very rich [10] , one finds generically a quantum phase transition in the 3d Ising universality class between the topologically ordered phase and a conventional polarized phase where spins are aligned along the field direction. This behaviour is best understood for a single parallel field where the well-known duality between Z 2 gauge theories and unfrustrated transverse field Ising models (TFIMs) applies [5, 6, [12] [13] [14] . Physically, the parallel magnetic field induces kinetic energy into the system and the quantum phase transition out of the topological phase corresponds to a condensation of elementary charge or flux excitations of the topological phase which live on the dual lattice [14, 15] .
Hence, one might wonder whether also duality mappings between toric code models in a field and frustrated Ising models exist. This would imply that the kinetics of the elementary excitations in the topological phase is strongly reduced due to the frustration and, as a consequence, the topological order is expected to be The links with open red circles on the upper (right) end of the cluster have to be identified with corresponding links on the lower (left) end. Operators X t , X s , and Zp are defined on triangles t, stars s, and plaquettes p. The non-contractible loop operators Zµ with µ ∈ {1, 2} are defined on contours C1 (dotted line) and C2 (dashed line).
very robust. Furthermore, the very rich physics of fully frustrated TFIMs should be also present in systems displaying topological quantum order, e.g. topological phase transitions in different universality classes are expected [16, 17] .
Most extremely, the TFIM on the kagome lattice realizes a disorder by disorder scenario [16] [17] [18] , i.e. the ground state is quantum disordered for any value of the field. Assuming a mapping of the kagome TFIM to a toric code in a magnetic field, implies an ultimatively robust topological quantum order for any value of the field due to the strong geometric frustration. In other words, quantum fluctuations induced by the toric code on the extensively-many classical ground states select a topologically ordered spin liquid ground state, a scenario first suggested by Anderson and Fazekas [19, 20] . In this letter, we present such a fascinating disorder by disorder scenario for the toric code on the dice lattice. Furthermore, we demonstrate a general connection between perturbed toric codes and fully frustrated TFIMs.
Model -The Hamiltonian of the toric code on the dice lattice is given by
where t refers to triangles, s to stars, and p to plaquettes as displayed in Fig. 1 Ground states -In the following we assume J α > 0 with α ∈ t, s, p. As a consequence, ground states correspond to states having all eigenvalues z p = x t = x s = +1. The number of ground states depends on the genus and the system is topologically ordered. To be explicit, the ground state is unique for an open plane
where N is a normalization constant and | ⇒ corresponds to a fully polarized state where all spins point in x-direction. In contrast, on the torus one has two conserved non-contractible loop operators Z µ = i∈Cµ σ z i
with µ ∈ {1, 2} defined on contours C µ (see Fig. 1 ) and one obtains the four ground states
where z µ ∈ {±1} denotes the eigenvalues of the operators Z µ . As for the conventional toric code [3] , one finds a ground-state degeneracy 4 g for a system with genus g. Excitations -Elementary excitations are states where one eigenvalue out of x t , x s , or z p is −1. In contrast to the conventional toric code on the square lattice, there are two type of charges, one on triangles (x t = −1) and one on stars (x s = −1). Additionally, there are fluxes on plaquettes having z p = −1. All excitations are static and non-interacting because they are protected by conservation laws. Charges and fluxes have a mutual semionic statistics, i.e. charges and fluxes among themselves are hardcore bosons but one gets a non-trivial factor −1 when braiding charges around fluxes (or vice versa).
Toric code in an x-field -Let us add a magnetic field H x = −h x i σ and their eigenvalues remain conserved quantities. The Hilbert space therefore separates into sectors where each block corresponds to a fixed configuration of charges.
The topologically ordered ground state of the bare toric code (h x = 0) is in the charge-free sector having x t = x s = +1 on all triangles and stars. The physics in this sector at finite fields depends only on the flux excitations. To be specific, the action of σ x i on any eigenstate of the toric code results in flipping the eigenvalues z p of the two plaquette operators Z p which are attached to site i. As a consequence, the fluxes aquire a finite dispersion due to kinetic energy induced by the magnetic field h x . Introducing pseudo-spin 1/2 operators τ α ν with α = x, y, z on the sites ν of the dual kagome lattice of plaquettes p (see Fig. 2a ), one obtains the kagome TFIM which is given by
where the second sum runs over all bonds of the kagome lattice. The presence or absence of a flux on plaquette p is encoded in a pseudo-spin pointing in +z or −z direction. The topological phase is mapped to the polarized phase in the dual language. Consequently, the energetic properties of fluxes in the topological phase are identical to spin-flip excitations in the kagome TFIM.
The physics depends strongly on the sign of h x , since the Ising coupling in Eq. 6 is ferromagnetic for h x > 0 and antiferromagnetic for h x < 0. The ferromagnetic case is rather conventional. Here, the model is unfrustrated, and one expects a second-order phase transition in the 3d Ising universality class between the topologically ordered phase and the polarized phase as for the conventional toric code on the square lattice. The lowenergy physics is thus taking place in the flux-free sector for the whole ferromagnetic parameter axis, since also the polarized ground state is part of this sector. We have calculated the one-flux gap with momentum k = (0, 0) up to order 13 in h x /J [21] . Using dlog Padé extrapolation [22] , the quantum critical point is located at a ratio h x /J = 0.3390(5) with an exponent ν ≈ 0.644 fully consistent with a 3d Ising transition (ν 3d Ising ≈ 0.630) [23] .
The antiferromagnetic case h x < 0 is fundamentally different due to the strong frustration. Translating the properties of the kagome TFIM to the perturbed toric code [18] , the flux excitation remains gapped for any value of the field. The topological phase is therefore robust on the whole antiferromagnetic parameter axis in the charge-free sector. This robustness is a consequence of the frustrated kinetics of flux excitations resulting in a strongly reduced bandwidth for fluxes. In fact, the lowest flux band is completely flat up to order 7 in perturbation theory [18] .
It is also enlightening to interpret the physics from the limit J p → 0 which corresponds to the pure Ising model on the kagome lattice in the dual language. Here, the kagome TFIM realizes an intriguing disorder by disorder scenario [18] . One has infinitely many classical ground states and an infinitesimally small J p selects a quantum disordered polarized phase as unique ground state. For the toric code in the presence of an antiferromagnetic x-field, one also has extensively many classical ground states for J p = 0 due to the charge-free constraint x t = +1 on all triangles. These states have exactly one spin on each triangle pointing in (+x)-direction which corresponds to an energy per site e cf 0 = (2h x −2J t −J s )/6. The duality to the kagome TFIM then implies that the quantum fluctuations induced by the plaquette operators Z p directly select a quantum disordered topologically ordered ground state (a Z 2 spin liquid) which persists for any value of J p up to the limit of the bare toric code. Next we discuss under which conditions the low-energy physics of the toric code in an x-field is indeed contained in the charge-free sector. This question can be answered in the limit J p = 0 where all eigen states are classical states. A natural competitor to the charge-free states is then the fully-polarized state | ⇐ where all spins point in (−x)-direction, since this state minimizes the field term for h x < 0. Its energy per site is given by e ⇐ 0 = (6h x + 2J t − J s )/6 because one has x t = −1 and x s = +1 for all triangles and stars. The classical charge-free states therefore have a lower energy than the polarized state | ⇐ whenever |h x | < J t for J p = 0. Consequently, it is always possible to enlarge the topological phase by increasing the ratio J t /|h x |. Toric code in a z-field -Now we consider the effect of a magnetic field H z = −h z i σ z i added to the toric code. In this case the plaquette eigenvalues z p are still conserved quantities and each flux sector can be studied separately. The remaining degrees of freedom are then the charge excitations on triangles and stars which live on a dual dice lattice (see Fig. 2b) .
The low-energy physics takes place in the flux-free sector as for the conventional toric code. Defining pseudospin 1/2 operators τ α ζ with α = x, y, z on the sites ζ of the dual dice lattice of triangles t and stars s, one obtains a TFIM on the dice lattice
where we distinguish between sites ν (µ) of triangles (stars) as illustrated in Fig. 2b . For J t = J s ≡ J, one has the isotropic TFIM on the dice lattice which is unfrustrated and one expects a quantum phase transition in the 3d Ising universality class. This is confirmed by analysing the high-order series expansion of the one-charge gap with momentum k = (0, 0) which we have determined up to order 8 in h z /J [21] . Using dlog Padé extrapolation [22] , the quantum critical point is located at h z /J ≈ 0.3095(2) with an exponent ν ≈ 0.649. Since the dice lattice is bipartite, one gets the same kind of quantum critical point for negative fields at h z /J ≈ −0.3095 (2) . Similarly, one expects the same universal behaviour for anisotropic ratios J t = J s . Dualities to fully frustrated TFIMs -The intriguing duality between the toric code in an x-field on the dice lattice and the antiferromagnetic kagome TFIM can be generalized to fully frustrated TFIMs on other lattices. Fully frustrated Ising models obey the constraint plaquette (−J ij /J) = −1 on every elementary plaquette of the lattice with the nearest-neighbor exchange |J ij | = J between sites i and j, e.g. on the square lattice one can take three ferromagnetic and one antiferromagnetic coupling on each plaquette. As a consequence, there exist extensively-many ground states for the pure Ising model due to the geometric frustration. In contrast to the kagome TFIM, a transverse magnetic field gives rise to an order by disorder scenario on most lattices, i.e. quantum fluctuations select an ordered (symmetry-broken) ground state from the degenerate manifold which then breaks down by a quantum phase transition to a polarized phase for larger values of the field [16, 17] . Assuming dualities between fully frustrated TFIMs and toric code models in a field, implies the existence of interesting quantum phase transitions between topologically ordered quantum matter and conventionally ordered phases.
In the following we give the explicit construction of such a duality mapping between the conventional toric code in a field on the square lattice and the fullyfrustrated TFIM on the square lattice. This construction can be generalized to other lattices in a straightforward manner. To be specific, we study
Usually, positive couplings J s = J p = J > 0 are considered. In this case the low-energy physics takes place in the charge-free sector with a s = +1 for all s, and the well-known duality between the Z 2 gauge theory and the unfrustrated TFIM on the dual square lattice applies [5, 6, [12] [13] [14] . As a consequence, a quantum phase transition in the 3d Ising universality class between the topologically ordered phase and the polarized phase is detected for h x /J ≈ 0.328 [24] .
The physics is strongly different for the choice −J s = J p ≡ J with J > 0. The topologically ordered ground state in the absence of the magnetic field h x = 0 is then in the charge-full sector a s = −1 for all sites s (b p = +1 for all plaquette operators B p ). A finite magnetic field gives then rise to mobile fluxes which hop in the background of static charges. Performing the same kind of duality mapping as above by introducing pseudospin operators on the sites of the dual square lattice (of plaquettes), one finds that the charge-full sector is dual to the fully frustrated TFIM on the square lattice. Note that such dualities between odd Ising gauge theories and fully frustrated TFIM have been already discussed in the context of quantum dimer models [25] .
The fully frustrated TFIM on the square lattice realizes a 3d XY quantum phase transition [17, [26] [27] [28] between the polarized phase and a columnar ordered phase at a critical ratio h x /J ≈ 0.634 [28] . Consequently, the extension of the topological phase (corresponding to the polarized phase in the dual language) is again enlarged due to the frustration. Physically, the frustration in the TFIM is induced by the presence of the background charge in the charge-full sector of the topological phase.
As for the perturbed toric code on the dice lattice, one has to investigate the role of other charge sectors for the low-energy physics. Indeed, the magnetic field term favors the fully polarized state | ⇒ where all spins point in (+x)-direction. This state is in the charge-free sector and, as a consequence, one expects a first-order phase transition at a certain ratio h x /J when the chargefree sector contains the true ground state of the system. For J p = 0, the classical energies per site are given by e ⇒ 0 = (J − 2h x )/2 and e charge−full 0 = (−J − h x )/2 such that the charge-full sector contains the ground state for J > h x /2. Thus, it is always possible to stabilize the charge-full sector including the 3d XY quantum phase transition by enlarging the ratio J s /h x .
For the specific case −J s = J p ≡ J with J > 0, we have calculated the ground-state energy per site e charge−full 0 of the topological phase up to order 8 in h x /J which is equivalent to the ground-state energy per site of the polarized phase in the dual fully frustrated TFIM on the square lattice (up to the constant energy J s /2 = −J/2 due to the presence of charges) [21] . The energy e charge−full 0 has to be compared to the ground-state energy per site of the charge-free sector. The latter sector is dual to the conventional unfrustrated TFIM on the square lattice (up to a constant energy offset −J s /2 = +J/2 due to the absence of charges) and series expansions of e 0 for the ordered and disordered phase are available [29, 30] . Altogether, by comparing both sectors, it can be clearly deduced that the low-energy physics takes place in the charge-full sector for h x /J well larger than the 3d XY quantum critical point at ≈ 0.634 [28] . Interestingly, the presence of the background charge, or equivalently the geometric frustration in the dual picture, leads to a different universality class compared to the charge-free (unfrustrated) case.
Conclusions -In this work we studied the impact of geometric frustration on topologically ordered quantum matter. It is found that the robustness of topological order is enhanced if the kinetics of anyonic excitations is reduced due to the geometric frustration. Furthermore, a plethora of fascinating phenomena including a disorder by disorder scenario for the toric code on the dice lattice are presented for topologically-order quantum phases and their breakdown which opens an interesting playground for future research.
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where x = (h x /J).
DlogPadé extrapolation
We use dlogPadé extrapolation to analyze the series expansion of a one-particle gap ∆ in a perturbative parameter x. Different extrapolants [L, M ] are constructed where L denotes the order of the numerator and M the order of the denominator. Explicitly, the dlogPadé extrapolation is based on the Padé extrapolation of the logarithmic derivative of the one-particle gap ∆
where P L and Q M are polynomials of order L and M . Due to the derivative of the numerator in Eq. 12 one requires L + M = m − 1 where m denotes the maximum perturbative order which has been calculated. The [L, M ] dlogPadé extrapolant is then given by
In the case of a physical pole at x 0 one is able to determine the dominant power-law behaviour |x − x 0 | zν close to x 0 . The exponent zν is then given by the residuum of
For the TFIMs investigated in this work one has z = 1 for the dynamical critical exponent and the dlogPadé extrapolation of the one-particle gap directly yields the critical exponent ν. Convergence of a physical quantity is suggested when different extrapolants [L, M ] give essentially the same result.
